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Abstract. When modelling side-effects using a monad, we need to equip
the monad with effectful operations. This can be done by noting that each
algebra of the monad carries interpretations of the desired operations. We
consider the analogous situation for graded monads, which are a general-
ization of monads that enable us to track quantitative information about
side-effects. Grading makes a significant difference: while many graded
monads of interest can be equipped with similar operations, the algebras
often cannot. We explain where these operations come from for graded
monads. To do this, we introduce the notion of flexibly graded monad, for
which the situation is similar to the situation for ordinary monads. We
then show that each flexibly graded monad induces a canonical graded
monad in such a way that operations for the flexibly graded monad carry
over to the graded monad. In doing this, we reformulate grading in terms
of locally graded categories, showing in particular that graded monads
are a particular kind of relative monad. We propose that locally graded
categories are a useful setting for work on grading in general.

Keywords: graded monad - graded algebra - flexible grading - relative
monad - computational effect - locally graded category

1 Introduction

Computational effects are often modelled, following Moggi [18,19], using (strong)
monads. The structure of the monad is used to interpret sequencing of compu-
tations, but to interpret the constructs that cause effects we need additional
data—usually a collection of algebraic operations in the sense of Plotkin and
Power [21]. For example, finite nondeterminism can be modelled using the usual
list monad on Set; nullary and binary nondeterministic choice are modelled as
the empty list and concatenation of lists. Presentations of theories correspond-
ing to monads are an important source of these algebraic operations. For a given
presentation, an algebra consists of an object together with interpretations of its
operations, subject to its equations. The corresponding monad T (if it exists) is
defined to be such that the T-algebras are the algebras of the presentation. Every
T-algebra therefore admits interpretations of the operations of the presentation,
and for free T-algebras these interpretations give rise to algebraic operations in
the sense of Plotkin and Power. For example, if we start with the presentation
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of monoids with a constant and a binary operation and the unitality and as-
sociativity equations, then T will be the list monad; free T-algebras have lists
as carriers, and the empty list and concatenation of lists provide the monoid
structure of these free algebras.

We consider the analogous situation for the graded monads of Smirnov [22],
Mellies [16] and Katsumata [9], focusing in particular on their application to
tracking quantitative information about effects of programs [9,20]. (There are
other applications, such as in process semantics [2,17], and in probability the-
ory [3].) Instead of assigning a single object TX to each object X, a graded
monad assigns an object T'Xe to each object X and grade e. The quantitative
information is represented by e. For example, the grades could be natural num-
bers, upper-bounding the number of alternative outcomes from nondeterministic
computations. We can model these computations using the graded list monad
T = List where T'Xe = List Xe is the set of lists over X of length at most e.

At first glance, the situation with operations for graded monads seems similar
to the situation for ordinary monads. The empty list () € ListX0 and concate-
nation List Xe; x ListXey — List X (e; 4+ e3) make ListX into a graded monoid.
We might expect that this graded monoid structure arises because List-algebras
are graded monoids. But this is not the case, as we show below: graded monoids
are not the algebras of the graded monad List, or indeed of any graded monad.
The same phenomenon occurs also with other examples: the free algebras T X of
a graded monad can often be equipped with some algebraic structure of interest,
even when the general algebras cannot. (We also consider graded arithmoids as
an example below.)

We explain this phenomenon via a new notion of flezibly graded monad. Flex-
ibly graded monads should be thought of as more general than graded monads
(though constructing a flexibly graded monad with the same algebras as a given
graded monad relies on existence of certain colimits). The point is that flexibly
graded monads often do capture these algebraic structures, for example, there
is a flexibly graded monad Listgex whose algebras are graded monoids. We show
that every flexibly graded monad T induces a graded monad |T]; the latter
may not have the same algebras as T, but does satisfy a universal property
(Lemma 2) formulated in terms of algebras. Moreover, every free |T |-algebra
forms a T-algebra. For example, we obtain List as the graded monad |Listaey],
and hence also the graded monoid structure of the free algebras ListX. This
paper should be viewed as a step towards developing notions of presentation
and algebraic operation for graded monads that can include, for example, the
operations of a graded monoid. The graded presentations considered from the
literature [22,17,2,12] are not flexible enough to present graded monoids. The
appropriate notions of flexibly graded presentation and flexibly graded algebraic
operation are discussed in the sequel paper [10].

As part of the development, we formulate graded monads in terms of locally
graded categories of Wood [26]. (He used a different name, we use Levy’s [13]
terminology). These are a particular instance of enriched categories, and so they
enable us to use constructions and results that apply to enriched categories in
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general. Still, here we use an explicit description of locally graded categories to
avoid assuming knowledge of enriched category theory. We show that graded
monads and flexibly graded monads are just instances of relative monads [1]
on functors between locally graded categories; we rely heavily on general facts
about relative monads in our other results. Locally graded categories also enable
us to simplify some previous work (such as Fujii et al.’s [4], which uses actegories
instead). For this reason, we propose that locally graded categories are a useful
setting for work on grading in general.

Contributions We begin by reviewing the existing notions of graded monad
(Section 2) and locally graded category (Section 3). We then do the following.

— We define the appropriate notion of relative monad for locally graded cat-
egories, and develop some of the associated theory (Section 4). We show
that graded monads are relative monads, and introduce our notion of flez-
ibly graded monad. We show that flexibly graded monads capture algebraic
structures we are interested in, such as graded monoids.

— We show that every flexibly graded monad T induces a graded monad |T|
satisfying a universal property (Section 5). This construction canonically
equips free | T |-algebras with additional structure (for example, equips List X
with the structure of a graded monoid).

— We discuss the reverse direction: that of constructing a canonical flexibly
graded monad [T] from a graded monad T (Section 6). We use this to show
that graded monads do not capture certain algebraic structures (e.g. graded
monoids), we characterize the existence of [T] in terms of existence of certain
colimits.

2 Graded Monads

We begin by reviewing the existing notion of graded monad. The grades e are
the objects of a category E, one example being the poset N< of natural numbers
with their usual ordering. Various other examples can be found in the literature
on graded monads.

Definition 1. An E-graded object of C, where E and C are categories, is a
functor X : E — C. These form a category [E,C|, with natural transformations
as morphisms.

To assign suitable grades to the unit and Kleisli extension of a graded monad,
we need a unit grade 1 and multiplication operator (-) on grades. For the rest of
the paper, we suppose a monoidal category (E,1,-) that we assume to be small
(for technical reasons) and strict (for convenience). For example, multiplication
of natural numbers makes N< into a strict monoidal category NZ = (N<,1,-).
We often omit the prefix E- from E-graded. B

Definition 2 ([22,16,9]). An E-graded monad T on a category C consists of
the following data:
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— a graded object TX : E — C for each X € |C|;

— a unit morphism nx : X — TX1 for each X € |C|;

— a Kleisli extension operator (—)Jr that maps every morphism f: X — TYe
and grade d € |E| to a morphism f;r :TXd—TY(d-e).

Kleisli extension is required to be natural in d and e, and to satisfy the following
unit and associativity laws.

fonx=f for each f: X — TYe
idrxa = (nx)} for each X € |C|,d € |E|
(giof) =gl ofl  foreach f:X = TYe,g:Y —TZe de [E|

2.1 Examples

We use the following three examples throughout the paper. In each case, we
define a graded monad T, and then show that the T arises canonically from
some class of (graded) algebraic structures. The latter fact provides a way of
equipping the free algebras T'X with the corresponding algebraic structure.

— The graded monad List (Definition 3) arises canonically from graded monoids
(Definition 4), and so ListX forms a graded monoid. Despite this, graded
monoids are not the algebras for any graded monad (Theorem 4).

— For each graded monoid M, the graded writer monad Wr" (Definition 5)
arises canonically from M-actions (Definition 6). Differently from the List
example, WrM-algebras are exactly M-actions (Example 7).

— We define a graded monad Count for modelling computations that increment
and decrement a counter (Definition 7). In this case, the corresponding alge-
braic structure is our notion of graded arithmoid (Definition 8), so CountX
forms a graded arithmoid for each set X. Graded arithmoids are not the
algebras for Count or for any other graded monad (Theorem 5).

In this section, we define each of the graded monads, and the corresponding
algebraic structure.

Graded Monoids and List We begin with the example of the graded list
monad.

Definition 3. The NZ-graded monad List on Set maps each set X to the graded
object ListX of lists over X of bounded length: ListXe is the set of lists of length
at most e € N, and for e < e’ € N the function ListX (e<e’) : ListXe — ListXe’
is the inclusion (where we write e<e’ for the unique element of N<(e,e)). The
unit nx : X — ListX1 and Kleisli extension f; : ListXd — ListY(d - e) of
f: X — ListYe are similar to those of the usual list monad on Set: they are
defined by
nxx = (x) f(;f(xl,...,:ck):fa:14—|—---4—|—f:1:k

where (++) is concatenation of lists.
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For every set X, the graded object List X forms a graded monoid in the sense
of the following definition, with

() € List X0 (+) : ListXe; x ListXes — ListX (e + e2)
as unit and multiplication.

Definition 4. We write N%L for the strict monoidal category NJ: = (N<,0,+).

A Ni-graded monoid A = (A,u,m) on Set consists of a graded object A :
N< — Set (the carrier), a unit element u € A0, and a family of multiplication
functions me, ¢, : Aer x Aes — Aler + e2) natural in e1,es € N<, such that
multiplication is unital and associative:

mo,e(u, ) = & = meo(z, u)
Mey+es,es (m91’32 (.Z‘, y)a Z) = Mey,eates (l‘, Mey,es (y7 Z))

A homomorphism h : A — A’ is a natural transformation h : A = A’ such that

hou = u h€1+€2 (m€1;52 (m7 y)) = Mey ey (h€1x7 hezy)

(This definition can easily be generalized to grades other than natural numbers
with addition and to monoidal categories other than Set, but for simplicity we
consider only Ni—graded monoids in Set.) An example is the following grading
of the additive monoid of natural numbers:

Ne=/{0,...,e} N(e<e')n=n  u=0  me c,(n1,n2) =n1 + no
We give an informal explanation of why the algebras of the graded monad List
are not graded monoids (for the proof, see Theorem 4). A List-algebra consists of

a carrier A : N« — Set, and an operator (—);t that maps functions to functions

as follows:
f: X — Ae

fj : ListXd — A(d - e)

These are required to satisfy some laws; we defer the full definition to Section 4.1.
Every graded monoid induces a List-algebra, by defining

f;['rlw"axk} = m(thm(fov"'m(ka—l7m(ka7u))"'))

(where we omit the subscripts of m). If List-algebras were graded monoids,
then this construction would be a bijection (by Corollary 1 below), so we

. This is not the case, intuitively be-

should be able to recover m from (—)
cause f;}t [x1,...,2%] is an iterated multiplication of elements of A that all have
the same grade, while the two arguments of m can have different grades. For a
concrete example, we cannot recover the additive graded monoid structure on
N above from
f;[xl,...,mk] =fr1+-+ fag

To see why, let N’ be the smallest family of subsets N'e C Ne closed under the
inclusions N (¢’<e”) and under (—)*, and such that 2 € N'2 and 3 € N’3. The
List-algebra structure on N restricts to N/, so we can recover m only if m also
restricts to N'. But it does not, because m sends (2,3) € N'2x N’3 to 5 ¢ N'5.
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M-actions and Wr™ Our second example is the following.

Definition 5. FEvery N;—gmded monoid M = (M,u,m) induces a N;—gmded

writer monad WrM, with assignment on objects, unit, and Kleisli extension de-
fined by

WiMXe = Me x X nx = (u, )
f;(p7 JJ) = let (q7y) = fl' in (md,e(p7 q)ay>

For every set X, the graded monoid M acts on WrMX via the multiplication
of M. Precisely, if we define

acte, e, 1 Meg X WrMXeg — VVrMX(e1 + e2)
acte, e, (05 (4,Y)) = (Mey e, (95 0),Y)

then (WrMX ,act) is an M-action in the following sense.

Definition 6. Let M be a N;-gmded monoid. An M-action is a pair A =
(A,act) of a graded object A : N« — Set and a natural family of functions
acte, e, : Me1 X Aeg — A(eq + e2) satisfying

aCtO,E(uv x) =T aCte1+62,€3 (m81782 (p, q)7 x) = aCt€1,€2+63 (p7 aCtemes (q7 x))

A homomorphism h : A — A’ of M-actions is a natural transformation h : A =
A’ such that

ey tey(acte, e, (P, ) = acte, ey (D; he, )

Graded Arithmoids and Count Our third example is computations that
interact with a counter (which stores a natural number). These computations
are able to either return a value, without changing the counter, or to do one of
the following two operations.

— Increment: increase the value of the counter by 1, and then continue with a
given computation.

— Test and decrement: if the value is 0, then continue with one computation,
otherwise decrease the value by 1 and continue with another computation.

This can be seen as a special case of interaction with a stack of values drawn
from a set V, in the case V' =1 (the stack is determined by its size, which is the
value of the counter). Increment and decrement respectively correspond to push
and pop. The graded monad is a graded version of Goncharov’s stack monad [7],
specialized to V' = 1, and our notion of graded arithmoid (Definition 8 below)
similarly arises by grading Goncharov’s presentation of the stack monad.

We only consider finite computations, and in particular each computation can
test the value of the counter only finitely many times (in other words, can interact
with only a finite prefix of the stack, whose size depends on the computation). As
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a consequence, computations cannot always learn the exact value of the counter.
This restriction is captured by the conditions involving p below.

Grades are integers, which provide an upper bound on the net amount the
counter increases. (A negative upper bound —e is equivalently a lower bound e
on the amount the counter decreases by.) For example, if the counter is initially
6 and we run a computation of grade 3, then the final value will be at most 9
(but intermediate values can be greater than 9).

Definition 7. We write Z< for the poset of integers with their usual ordering,
which forms a strict monoidal category Zi = (Z<,0,+) using addition of inte-
gers. The ZL-graded monad Count on Set is defined as follows. Given a set X,
the graded object CountX is given by

CountXe = {t: [[,[0..i + €] x X |
JpeNVkjeNzeXtp=_x)=tlp+k)=G+kz)}

where [0..n] = {0,1,...,n} (empty for negative n). Thus computations t are
dependent functions that map each initial counter value i to a pair (j,x) of a
final counter value j such that j —i < e and a result x. (There are no such
dependent functions if e < 0, i.e. CountXe is empty in this case.) The unit of
the graded monad leaves the counter unchanged, and the Kleisli extension uses
the final counter value of one computation as the initial counter value of another:

nxx = Ai. (i,2) f;t:)\i.let(j,x):tiin fxj

The increment and decrement operations described above are captured by
the following functions:

inc, : CountXe — CountX (e+1) dec : CountXe x CountX (e+1) — CountXe
inc.t =M. t(i+1) dece(t1,t2) = Ai.if i =0 then t;0 else t5(i—1)

and these form graded arithmoids in the following sense.

Definition 8. A graded arithmoid is a triple A = (A, inc, dec) of a graded object
A Z< — Set and natural families of functions

inc. : Ae — A(e +1) dec, : Ae x A(e+1) — Ae
satisfying

ince(dece(z,9)) =y dece(z,incex) = x
dece(dece(x,y), z) = dece(z, 2)

A homomorphism h : A — A’ of graded arithmoids is a natural transformation
h:A= A" such that

heti(incez) = ince(hex)  he(dece(z,y)) = dece(hex, het1Y)
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3 Locally Graded Categories

Locally graded categories are similar to ordinary categories, except that each
morphism has a grade e in addition to a domain and codomain. An example
of this situation appeared already in the definition of graded monad. While
morphisms f : X = Y in the ordinary category [E,C|] preserve the grades
of elements (f sends elements of Xd to elements of Y'd), Kleisli extensions fT :
TX = TY(—-e) multiply by a grade e; in the locally graded category GObj(C)
of graded objects (Definition 10), fT is a morphism from T'X to TY of grade e.

Definition 9 ([26]). A locally E-graded category C consists of

— a collection |C| of objects;

— for each XY € |C| and e € |E|, a set C(X,Y)e of morphisms from X toY
of grade e; we write f : X —e>Y to indicate f € C(X,Y )e;

— for each X € |C|, a morphism idx : X -1+ X;

— for each f: X —e>Y and g:Y —€'+ Z, a morphism go f: X —e-€'+ Z;

— for each ¢ € E(e,€’) and f : X —e>Y, a morphism C*f : X —€/3Y (the
coercion of f along ¢);

such that composition is unital (idyof = f = foidx ) and associative ((hog)of =
ho(go f)); coercions are functorial (idif = f and £*(C*f) = (E0)*f); and
such that composition commutes with coercion ((€-()*(go f) =&"go(*f).

(In Wood’s terminology [26, Definition 1.1], these are large E°P-categories.) We
systematically use blackboard bold letters like C for ordinary categories and
calligraphic letters like C for locally graded categories.

We define a locally graded category of graded objects, which we use through-
out the paper, and then give some further examples.

Definition 10. Let C be an ordinary category. The locally E-graded category
GODbjg(C) is defined as follows.

Objects X € |GODbjg(C)| are E-graded objects of C (Definition 1).

— Morphisms f : X —e>Y are natural transformations f: X = Y (—-e).

The identity idx s the identity natural transformation X = X.

— The composition go f : X —e-e'>Z of f: X —e>Y and g : Y —€'> Z is
X:f>Y(—~e)gZ(—-e-e’).

— The coercion C*f : X —e/>Y of f : X —e>Y along ( € E(e,e) is

XLy o 2= v(—.¢).

Example 1. Just as monoids in Set are categories with one object, Ni—graded

monoids A in Set are locally Nf-graded categories with one object (morphisms
of grade e are elements of Ae).

Ezxample 2. Using both the multiplicative and additive monoidal structures on
N, there is a locally NX-graded category GMon that has N -graded monoids as
objects. Morphisms f : A—e+A’ in GMon are homomorphisms f : A — A’'(—-¢),
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where A’(— - e) is the graded monoid (A'(— - €),u,m_.c._.e) for A’ = (4, u, m).
Identities, composition, and coercions are as in GOb jNé (Set).

We have similar locally graded categories for our other two examples. For a
fixed Ni—graded monoid M, the M-actions form a locally Ni—graded category
GActy, in which morphisms A —e+ A’ in GActy are homomorphisms A —
A'(—+e), where A'(—+¢) = (A'(—+e),act_ _1.). The graded arithmoids form
alocally Zt-graded category G Arith in which morphisms A—e+A’ are similarly
homomorphisms A — A'(— +¢).

We also need to consider functors between locally graded categories, and
natural transformations between these functors.

Definition 11 ([26]). A functor F : C — D between locally graded categories
consists of an object mapping F : |C| = |D| and a mapping of morphisms as on
the left below; these are required to preserve identities, composition and coercion
as on the right below.

f:X—-e>Y
Ff:FX—-e>FY

Fidx =idpy
F(gof)=FgoFf
B¢ f) =C(Ff)

A natural transformation « : F = G between functors F,G : C — D consists of
a morphism ax : FX -1+ GX for each X € |C|, such that ay o Ff = Gf oax
for every f: X —e->Y.

We of course have identity functors Id¢ : C — C, and functors F' : C; — Cs
and G : Co — C3 have a composition G - F' : C; — C3. There are also horizontal
and vertical compositions of natural transformations.

Example 3. There is a forgetful functor GMon — GOijé (Set) that sends

each graded monoid A to its carrier A, and each morphism f : A—e+A’ to itself.
We similarly have forgetful functors GActy — GOiji (Set) and GArith —

GODbj, (Set).

If A, A" are two locally graded categories that can similarly be equipped
with forgetful functors U : A — C and U’ : A" — C, we say that a functor
G: A — A is over C when U’ -G = U, i.e. when G preserves carriers and
sends morphisms to themselves. For example, since addition of natural numbers
is commutative, there is a functor GMon — GMon over GOijé (Set) that

swaps the arguments of the multiplication of each graded monoid.

Locally graded categories induce ordinary categories and vice versa. We use
these constructions in our formulation of graded monads in terms of locally
graded categories.

Definition 12. FEwvery locally graded category C has an underlying ordinary cat-
egory C with the same objects; morphisms f : X — Y in C are morphisms
f:X-1-Y inC, and these compose as in C. Every functor F': C — D between
locally graded categories restricts to an ordinary functor F : C — D.
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In the other direction, every ordinary category C induces a locally E-graded
category Freeg(C), defined by:

[Freeg(C)| = [C|  Frees(C)(X,Y)e = E(1,e) x C(X,Y)
idy = (idi,idx)  (£,9)0 (&) =& g0f) & f)=(Co& f)

Freeg(C) is free on C in the following sense. Let Hc : C — Freeg(C) be
the ordinary functor defined on objects by HcX = X and on morphisms by
Hcf = (idy, f). Then every ordinary functor ' : C — D induces a unique F* :
Freeg(C) — D such that F* - Hc = F; this is given on objects by F¥X = FX,
and on morphisms (¢, f) : X —e>Y by FFHE, f) =& (Ff): FX —e> FY.

We can view Freeg(C) as a full sub-locally graded category of GObjg(C) as
follows, assuming C has enough coproducts. Let X be an object of C (equiva-
lently, an object of Freeg(C)). For each set A, we write Ae X for the coproduct
of A-many copies of X, if it exists. (This is the copower of X by A.) In par-
ticular, if E(1,e) o X exists for every e € |E|, then we have a graded object
JcX =E(1,-) ¢ X € |GObjz(C)|; in this way, we can view every object X of
Freeg(C) as an object JcX of GObjg(C). By the Yoneda lemma, morphisms
JcX —e»Y in GObji(C) are in bijection with morphisms X — Ye in C:

E(l,-)eX =Y(—-e) in [E,C]
E(l,—) = C(X,Y (- -¢e)) in [E, Set]
X —>YeinC

Intuitively, JcX can be thought of as the graded object generated by assigning
the grade 1 to each element of X.

Definition 13. Let C be an ordinary category with coproducts of the form
E(1,e) ¢ X. We define Jc : Freeg(C) — GODbjz(C) to be unique such that
Jc - He is the ordinary functor (X — E(1,—) e X) : C — [E,C] = GObj(C).

Remark 1. We end this section by mentioning that, as shown by Wood [26,
Theorem 1.6], locally graded category theory can be viewed as an instance of
enriched category theory. Enriched category theory provides a useful source of
concepts and results for grading; for example, the definition of the underlying
ordinary category C is just an instance of the more general definition of the
underlying category of an enriched category (cf. [11, Section 1.3]). In more detail,
[E, Set] forms a monoidal category ([E, Set]|, I, ®) with Day convolution:

e1,e0€R
I:E(l,—) X@Y:/ E(el-eg,—)xXeleeg

Locally graded categories C are [E,Set]-categories, with coercions making
C(X,Y) into an object of [E,Set|, and identities and composition in C pro-
viding identity and composition morphisms in [E, Set] (with composition in di-
agram order). Functors between locally graded categories are [E, Set]|-functors
between [E, Set]-categories, and similarly for natural transformations, so that
the 2-categories of locally graded categories and of [E, Set]-categories are equiv-
alent.
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4 Flexibly and Rigidly Graded Monads

We next employ locally graded categories to define notions of flexibly graded
monad and rigidly graded monad. Rigidly graded monads turn out to be exactly
graded monads (Definition 2); we say ‘rigidly’ to more clearly distinguish between
these and flexibly graded monads. Flexibly graded monads are intuitively more
general than rigidly graded monads. There is a flexibly graded monad whose
algebras are graded monoids, and one whose algebras are graded arithmoids.
Both notions arise as instances of the following definition of relative monad
for locally graded categories. Relative monads are similar to monads, except
that instead of having free algebras on every object, they only have free algebras
on objects of the form JX where J : J — C is some functor (which should be
thought of as a full sub-locally graded category of C; every J we use below is fully
faithful in the sense that the functions (f — Jf) : J(X,Y)e — C(JX, JY )e are
bijective). Altenkirch et al. [1] give a definition of relative monad for ordinary cat-
egories; their definition generalizes easily to enriched categories (cf. Staton [23]),
and the definition we give below arises from this via the discussion in Remark 1.

Definition 14. Let J : J — C be a functor between locally graded categories.
A J-relative monad T consists of an object mapping T : |J| — |C|, a unit
nx : JX -1+TX for each X € |J|, and a Kleisli extension operator

f:JX -esTY
fT:TX —e>TY

which is required to be unital, associative, and natural, as follows:

flonx =f for each f: JX —e-TY
idpx =nl for each X € |J|
(gto )l =gtoft  foreach f: JX —e>TY,g:JY —€'+TZ
(C*f)T:(*(fT) for each ¢ € E(e,€'), f: JX —e>TY

A morphism « : T — T’ of J-relative monads is a family of morphisms ax :
TX -1-T'X in C such that ax onx = nx for all X € |J| and such that
(ay o f)Jr cax =ayo fl forall f: JX —e+TY.

The object mapping of each J-relative monad T extends to a functor T :
J — C by defining T'f = (ny o Jf)Jr for each f: X —e>Y; under this definition,
units, Kleisli extensions, and morphisms of relative monads are natural in the
appropriate sense. The following two instances of the above definition are the
ones that matter for us. Here J¢ is as in Definition 13.

Definition 15. Let C be an ordinary category with coproducts of the form
E(1,e)e X . A flexibly E-graded monad on C is a monad on the locally graded cat-
egory GODbjg(C), i.e. an Idgow;,(c)-relative monad. A rigidly E-graded monad
on C is a Je-relative monad.
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We now prove our claim that graded monads can be formulated in terms of
locally graded categories, by showing that they are just rigidly graded monads
in the sense of the above definition. The following table compares the data the
two definitions (Definition 2, Definition 15) ask for.

Graded monad T Rigidly graded monad T
Object mapping T:|C| — |[E,C]| T : |Freeg(C)| — |GObjg(C)|
Unit nx : X - TX1 nx :E(l,—)e X = TX
Kleisli extension f:X o TYe fiEQ ) e X = TV(=-e)
fT:TX =TY(--e) fT:TX =TY(--e)
The object mappings have identical types (since |Freeg(C)] = |C| and

|GObj(C)| = |[E,C]|). The units and Kleisli extensions do not have identi-
cal types, but are in bijection via the Yoneda lemma (morphisms X — Ye are
in bijection with natural transformations E(1,—) e X = Y (— -e)).

Theorem 1. There is a bijection between E-graded monads on C and rigidly
E-graded monads on C for each C with coproducts of the form E(1,e) e X.

From this point onwards, we view List, WrM and Count as rigidly graded
monads.

Remark 2. We can also consider Kc-relative monads, where K¢ : C — [E,C] is
the functor between ordinary categories defined by KcX = E(1,—) ¢ X. These
are similar to graded monads, but not the same. The Kleisli extension of a K-
relative monad has the form on the right below (equivalently, the form on the
left below).

f:X—=>TY1 fEQ,—)eX=TY

ff:TX =TY ff:TX =TY

Compared to the table above, this is missing the quantification over e. The
quantification over e is what locally graded categories (as opposed to ordinary
categories) provide. This is why ordinary categories do not suffice when work-
ing with graded monads, and why we instead consider locally graded categories.
(where e appears as the grade of a morphism). (Fujii et al. [4] instead use cat-
egories equipped with an action of E; the grade e then appears when applying
the action. We discuss this approach further in Section 4.2 below.)

Turning to flexibly graded monads, their data are the following:
T : |GObjg(C)| — |GObjz(C)|
nx : X =>TX

FiX=>TY(— e
fTX =TY(— e

We use the following examples.
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Example 4. We define a flexibly NX-graded monad Listgex on Set, whose alge-
bras are Ni—graded monoids (Theorem 2 below). Informally, Listaex Xe is the
set of lists over X : N< — Set whose total grade is at most e € N. To define
Listaex formally, let S, be the poset of lists 7 = (nq,...,nk) of natural numbers
whose sum is at most e € N. (These lists may be empty, and any number of
elements may be 0.) The ordering is pointwise, i.e. 7 < @i’ if @ and 7’ have the
same length and n; < n} for all 4. Then for each graded object X : N« — Set,
we define a graded object Listgex X : N< — Set by

Listgex X e = colimpeg, [[; Xn;  Listgex X (e<e’) = [inglses.

(Recall that we write e<e’ for the unique element of N<(e,e'); we also write
in; for the ith coprojection of a colimit.) Here we use the fact that if e < ¢’
then S, C S.. For the unit nx : X —1- ListgexX (i.e. nx : X = ListgexX),
we use singleton lists, defining nx 4v = in(g) (2). Given f : X —e~ Listgex Y in
GODbji(C) (ie. f: X = ListaexY (— - €)), the Kleisli extension f1 : Listge, X =
Listaex Y (— - e) is defined by

Fhng(@r, .o 21) = Moy Ya1s o Yitrs oo s Yhels - - Ykty)
where ing, (Yi1, ..., Yie,) = fn, Ti
Here we use the fact that, if the sum of 7 is at most d, and the sum of each
m; is at most n; - e, then the sum of the concatenation i - - -1 is at most
Y>i(ni-e) = (30, ni) e < d-e. Informally, fT takes a list, applies f to each
element, and then concatenates the results.

Example 5. Let M be a N;-graded monoid. There is a flexibly N;—graded writer

monad er'\{'ex defined on objects by Wrg'exX = M®X where ® is Day convolution
(see Remark 1). This turns out to have the same algebras (namely M-actions)
as the rigidly graded monad wrM (see Example 7 below), in contrast to the
situation with Listgeyx and List.

Example 6. We have a flexibly Zi—graded monad Countge, whose algebras are
graded arithmoids (Theorem 3 below). For each graded object X : Z< — Set,
the graded object Countgex X : Z< — Set is defined by

CountpexXe = {t: [[;y Hj:NX(e -G =)
peNVkjeNztp=(jz)=tlp+k)=G+kz)}

The intuition is similar to that of Count above: a computation ¢ takes an initial
counter value i and returns a pair (j,z) of a final counter value j and result
x. Note however that here the increase j — 4 in the value of the counter may
be greater than e; this is “corrected” by the fact that the grade of x is then
negative. The unit and Kleisli extension are similar to those of Count:

Nx,dT = M. (i, z) det = Ni.let (j,z) =tiin fq_j_yxj
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4.1 Eilenberg-Moore and Kleisli

Every relative monad T induces a locally graded category EM(T) of (Eilenberg-
Moore) T-algebras, which is analogous to the usual Eilenberg-Moore category of
a monad. We define EM(T), and prove a few basic properties; as for the defini-
tion of relative monad, these come directly from considering relative monads in
enriched categories more generally (via Remark 1).

Definition 16. Let T be a J-relative monad for some functor J : J — C be-
tween locally graded categories. A T-algebra A = (A, (—)i) is a pair of a carrier
A € |C| and an extension operator

f:JX—-es A
fE:TX-e> A

which is required to satisfy the following equations:

ffonx =f for each f: JX —e> A
(giof)i:giofr foreach f: JX —e+>TY,g: JY -+ A
(C*HF = (F) for each ¢ € E(e,e’), f: JX —e+ A

These are the objects of a locally graded category EM(T). Morphisms f : A—e->A’
in EM(T) are morphisms f : A—e~ A" in C such that fogt = (fo g)i for each
g: JX —e'» A; identities, composition and coercions are as in C. The forgetful
functor Ut : EM(T) — C sends A to A, and morphisms to themselves.

We use this definition as our notion of algebra for rigidly and flexibly graded
monads. Fujii et al. [4] define a notion of graded algebra for a graded monad T.
When T is a rigidly graded monad, the T-algebras as defined as above are in
bijection with graded algebras; see Section 4.2 below.

We characterize the algebras of the three flexibly graded monads defined
above. First, we note that for every flexibly graded monad T, the T-algebras
can be formulated equivalently as a pair of a carrier and a structure map (anal-
ogously to the standard definition of Eilenberg-Moore algebra), rather than in
the extension form above. (This is an instance of a more general result, see
Marmolejo and Wood [15].) The flexibly graded monad T has a multiplication
w:T-T =T, defined by ux = id}X. Each T-algebra A induces a morphism
a:TA-1+A by a =ida*, and this gives us a bijection between T-algebras A
and pairs (4, a) of an object A € |C| and a morphism a : TA -1+ A compatible
with the unit and multiplication of T (i.e. aona =ida and ao ps = aoTa).

As our first example, the flexibly NZX-graded monad Listge, has graded
monoids as algebras. -

Theorem 2. There exists an isomorphism GMon 2 EM(Listgex) over
GOijé (Set).

Proof. Algebras A of Listgey are, as above, in bijection with pairs (A,a) of a
graded object A and morphism a : ListgexA —1+ A (i.e. natural transformation
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a : Listgex A = A) compatible with the unit and multiplication of Listgey. Given
(4, a), we define the multiplication and unit of a graded monoid (A, u, m) by

U= ao(ln()()) Mey,es ($1, 1'2) = Qe;+eo (in(ehez)(a‘.l?x?))

In the other direction, given a graded monoid (4, u, m), we define a as follows
(omitting the subscripts of m):

A0 @11 0)) = (3, 0, 1))

Simple calculations show that these form a bijection between Listgex-algebras and
graded monoids, and that a morphism A—e+ A" in GObjg(C) is a morphism of
algebras if and only if it is a morphism of the corresponding graded monoids.

As an example of this theorem, the free algebra Fiis,. X forms the free
graded monoid on X : N< — Set, with unit u = in(y() and multiplication

ma.e(ing(z1,...,25),ing (2], ..., 2))) = ngm (@1, ..., op, 20, ..., 7))

Example 7. As our second example, the rigidly graded and flexibly graded
writer monads have the same algebras: in both cases the algebras are M-
actions, and there are isomorphisms EM(Wrl. ) 2 GActy = EM(WrM) over
GOij:(Set). An algebra for the flexibly graded monad Wrj., is (as above)

equivalently a pair of a graded object A : N« — Set and a natural transforma-
tion a : Wr. A = A compatible with the unit and multiplication. These are
equivalently M-actions by properties of Day convolution. For the rigidly graded
monad WrM7 algebras are again in bijection with M-actions, in particular, for
each WrM-algebra A, we have functions [A(¢ + e2)lcenc(0,d) : Jset(Aea)d —
A(d + e2), and using these the graded monoid M acts on the carrier of A with

acter e; = ([A(C + e2)lo)F

Finally, for our third example we show that the flexibly Zi—graded monad
Countgey has graded arithmoids as algebras. B

~

Theorem 3. There exists an isomorphism GArith = EM(Countgex) over
GOijZ (Set).

Proof. Each algebra A of Countgey comes with a natural transformation a :
Countgex A = A, and forms a graded arithmoid by defining

incex = aer1 (M. (i + 1, 2))
dece(z,y) = ae(Ai.if ¢ =0 then (0,2) else (i — 1,y))

Conversely, to make a graded arithmoid into a Countgex-algebra, we define a :
Countgey A = A as follows. Let inc/ : Ae — A(e + j) be given by composing inc
with itself j times. Given ¢t € Countgey Ae, let p be a witness to the side-condition
in the definition of CountgexAe, and set (j;, ;) = ti. We then define

aet = dec(inc?®zg, dec(inc’* 1, - - - (dec(inc’*~'x,_1, inc’?x,)) - - +))

(Here it does not matter which witness p is chosen because of the graded arith-
moid law dec,(z,inc.z) = . We can take for example the smallest such p.)
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We frequently look at relative monads in terms of their algebras; this is
justified by the fact that each relative monad is completely determined by its
algebras. For example, Listgex is (up to isomorphism) the only flexibly graded
monad that has graded monoids as algebras. To make this precise, if a: T/ — T
is a morphism of J-relative monads, then we let EM(«a) : EM(T) — EM(T’)
be the functor over C that sends (A, (—)i) to (A, (—)i/) where f¥' = ffoa. The
following is a general fact about relative monads, specialized to locally graded
categories:

Lemma 1. Let T and T’ be J-relative monads where J : J — C. For every func-
tor G : EM(T) — EM(T’) over C, there is a unique relative monad morphism
a: T — T such that EM(a) = G.

The assignment o — EM(«) is therefore a bijection between morphisms T — T
and functors EM(T) — EM(T’) over C. It follows that, if T" and T have the
same algebras, in the sense that there exists an isomorphism EM(T) = EM(T')
over C, then there also exists an isomorphism T’ = T of relative monads.

Remark 3. Lemma 1 relies on considering locally graded categories of algebras
instead of the underlying ordinary categories: in general, there are ordinary func-
tors EM(T) — EM(T’) over C that are not of the form EM(«). In particular,

there are examples of this in which T and T’ are rigidly graded monads.

If T is a J-relative monad (where J : J — C), then the free T-algebra FrX
on X € |J| has TX as carrier and Kleisli extension (—)' as extension operator.
Since X ranges over objects of J, these alone do not provide a left adjoint to
the forgetful functor Ut : EM(T) — C. Instead, the free algebras form the left
J-relative adjoint Fr : J — EM(T) of Ur : EM(T) — C.

Definition 17 ([25]). Let J : J — C be a functor between locally graded cate-
gories. A J-relative adjunction consists of functors L : J — D (the left adjoint)
and R : D — C (the right adjoint), and a family of bijections

9X,Y,e : 'D(L)(7 Y)e = C(JX, RY)@
natural in X,Y, e in the sense that the following hold for all f : LX —e>Y :

Ox'yve.e(foLg)=0xyefoldg for each g : X' —€/+ X
Oxy ee(gof)=Rgolxyef foreach g : Y —€'5Y’
Ox,yv,e(C°f) = C*(Oxyef) for each ¢ € E(e, ¢)

Each J-relative adjunction induces a J-relative monad, with object mapping
X — R(LX). Conversely, EM(T) forms a resolution of T, i.e. a J-relative ad-
junction that induces the relative monad T. This is the terminal resolution of T,
analogously to the situation with ordinary monads. In fact, many of the usual
properties of monads carry over to relative monads in general and to flexibly
and rigidly graded monads in particular. Each relative monad also has an initial
resolution, given by the Kleisli construction.
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Definition 18. Let T be a J-relative monad, where J : J — C. The Kleisli
locally graded category K1(T) of T has the same objects as J. The morphisms
f:X-e>Y in KI(T) are morphisms f : JX —e>TY in C, the identity on X
isnx : JX —1+TX, the composition of f: JX —e>TY and g: JY —€'+TZ is
glof:JX —e-€+TZ, and coercions are as in C.

In the special case where T is a rigidly graded monad, KI(T) is (isomorphic to)
the Kleisli locally graded category defined by Gaboardi et al. [5].

4.2 [E-actegories

Previous work on graded monads, in particular by Fujii et al. [4], uses E-
actegories instead of locally E-graded categories. We outline the connection be-
tween the two settings, and show that our locally graded categories of T-algebras
are in some sense the same as Fujii et al.’s actegories of graded algebras.

A strict E-actegory is an ordinary category C equipped with a bifunctor
x : E x C — C that is compatible with the monoidal structure of E strictly,
i.e. up to equality. Every strict E-actegory (C,#) induces a locally E-graded
category W (C, x): objects are the same as C, and morphisms X —e>Y in ¥(C, x)
are morphisms X — exY in C. This construction extends to a 2-functor ¥ (with
appropriate notions of 1- and 2-cell between actegories), and ¥ is 2-fully faithful
(see [16,6]). In this way, we can view strict actegories as a special case of locally
graded categories. An example of a locally graded category that arises in this way
is GObjg(C): we can make [E, C] into an actegory by defining e x X = X (—-e),
and then GObjy(C) is exactly 7 ([E, C], ).

Eilenberg-Moore locally graded categories EM(T) of rigidly graded monads
also arise in this way. The ordinary category EM(T) forms a strict E-actegory
by assigning to each grade e € |E| and T-algebra A the T-algebra e x A whose
carrier is A(— - e), and whose extension operator is the restriction of that of A.
The locally graded category ¥(EM(T), ) is then exactly EM(T). Moreover, the
actegory (EM(T), %) is isomorphic to Fujii et al.’s actegory of graded algebras.
In this sense, the latter, viewed as a locally graded category, is just our EM(T).

Not all of the locally graded categories we define above arise in this way
however: Freeg(C) and K1(T) do not. (Fujii et al. [4] define Kleisli actegories of
graded monads; applying ¥ to these does not yield KI(T).)

5 Rigidly Graded Monads from Flexibly Graded Monads

We turn to the relationship between flexibly and rigidly graded monads. In
this section, we show that every flexibly graded monad induces a rigidly graded
monad that is in some sense canonical. We use this construction to explain where
the graded monoid structure on ListX comes from. Throughout this section, we
suppose an ordinary category C with coproducts of the form E(1,¢e) o X.

Let T be a flexibly E-graded monad on C. The rigidly graded restriction | T | of
T is the rigidly E-graded monad |T| on C defined by restricting the structure of
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T to objects of Freeg(C) (viewed as a sub-locally graded category of GObjz(C)
via the functor Jc). Explicitly, | T] is given on objects by |T'|X = T'(JcX), and
the unit and Kleisli extension are restrictions of those of T. This construction
is functorial: every morphism a : T — T’ of flexibly graded monads restricts to
a morphism |a] : |T] — |T’| of rigidly graded monads, so we have a functor
between the ordinary categories of flexibly E-graded monads on C and rigidly
E-graded monads on C:

|—| : FGMndg(C) — RGMndg(C)

We also have a functor Rt : EM(T) — EM(|T]) over GObji(C), which sends
each T-algebra A to the | T]-algebra RtA whose carrier is A, and whose extension
operator (—)¥ is the restriction of that of A.

We record two crucial facts about |T]. The first is that the graded objects
|7| X form T-algebras. More specifically, the free |T|-algebra functor Fir; is
equal to

Freeg(C) 2% GObjx(C) 25 EM(T) £5 EM(|T])

so in particular, |T|X is the carrier of the T-algebra Fr(JcX). This is where,
for example, the graded monoid structure on ListX comes from; see Example 9
below.

The second fact is that |T] is canonical, in that it satisfies the universal
property expressed in the following lemma. Informally, the Eilenberg-Moore res-
olution of |T| is as close as possible to the Eilenberg-Moore resolution of T.
From this it follows that, if there is any rigidly graded monad T’ with the same
algebras as T, then T’ is actually | T| (Corollary 1).

Lemma 2. Let T be a flexibly E-graded monad on C. For every rigidly E-graded
monad T’ on C and functor R’ : EM(T) — EM(T’) over GObjg(C), there is
a unique morphism o : T' — |T| of rigidly graded monads such that R' =
EM(a) - Ry.

EM(T) -5 EM(|T)) T|
R\) iEM(a) oz/i\
EM(T) T

Proof. For each X € |C|, the T'-algebra R/(Fr(JcX)) has carrier |T]|X =
T(JcX), 50 nj.xt : T'X —1+ |T|X. Commutativity of the triangle above on
Fr(JeX) € EM(T) implies ax = ns.x*, hence uniqueness of «. For existence,
define ax = 'r]JCXi.

Corollary 1. Let T be a flexibly E-graded monad on C. If there exists a pair
of a rigidly E-graded monad T' on C and isomorphism R’ : EM(T) =2 EM(T’)
over GObji(C), then Rt : EM(T) — EM(|T|) is an isomorphism, and there
is an isomorphism T' 2 | T| of rigidly graded monads.

Proof. The functor R’ induces a morphism « : T" — |T| by Lemma 2. Another
application of Lemma 2 shows that B/~ " - EM(«) is the inverse of R, so that
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R is an isomorphism. Since both Rt and R’ are isomorphisms, EM(a) must
be too, and then Lemma 1 implies « is an isomorphism T’ = |T].

Ezample 8. Corollary 1 implies that Wr" = LWr?{'eXJ, because Wr™ and er'\{'ex
have the same algebras (Example 7).

Ezxample 9. The rigidly graded restriction of Listgey is List. Indeed, the following
defines an isomorphism ¢ : List = |Listgex ] of rigidly NZ-graded monads:

Vxe ListXe — colimgeg, [[, E(1,n;) ¢ X
(w1, @) = ingy 1) (inga, 1, - - -, i0ja, 78)
——

k

Recall from Theorem 2 that Listgec-algebras are graded monoids. Each graded
object List X is isomorphic to the carrier of the free |Listex |-algebra Fipis,,., | X,
which as above forms a Listgex-algebra, and hence a graded monoid. One can
calculate that this graded monoid structure is given by concatenation of lists.
In summary, the graded monoid structure on List X arises by starting with the
locally graded category GMon of graded monoids, constructing free graded
monoids, which form the flexibly graded monad Listgey, and then showing that
the restriction of Listgey is List.

Lemma 2 provides a universal property for List. Every graded monoid induces
a List-algebra via the following functor over GOb jNé (Set):

(Theorem 2) RListﬂex EM('Qb)
R: GMon — EM(Listgec) — EM(|Listgex ) — EM(List)

For every rigidly NZ-graded monad T’ and functor R’ : GMon — EM(T')
over GOijé (Set), there is a unique morphism « : T" — List of rigidly graded

monads such that R = EM(a) - R. Hence, while no rigidly graded monad has
graded monoids as algebras (Theorem 4 below), List is as close as we can get.

Ezample 10. We have |Countgex| = Count. To see this, note that Jget Xd =
() for negative d, and JgetXd = X otherwise. Hence, if Mi. (j;,x;) €
[LinI;n Jset X (e — (j — 7)), then, for each 4, we must have e — (j; — ) > 0, so
ji €[0..7 + €].

This fact has analogous consequences to the list example above. It provides
an explanation for where the graded arithmoid structure of the graded object
CountX comes from. We also obtain a functor GArith — EM(Count) that
provides a universal property for Count in terms of graded arithmoids.

6 Flexibly Graded Monads from Rigidly Graded Monads

We also consider going in the opposite direction: constructing a flexibly graded
monad [T] from a given rigidly graded monad T. Ideally, we would like to
construct [T] so that it has the same algebras as T. (This uniquely identifies
[T] up to isomorphism by Lemma 1.) In general, there does not exist a [T] with
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this property, but we show below that there often does, by reducing existence of
[T] to existence of certain colimits. Modulo existence of these colimits, flexibly
graded monads are therefore more general than rigidly graded monads.

Throughout this section, we again suppose an ordinary category C with co-
products of the form E(1,e) ¢ X.

Definition 19. If it exists, the flexibly graded extension of a rigidly E-graded
monad T on C is a flexibly E-graded monad [T| on C equipped with an isomor-
phism Q1 : EM([T]) =2 EM(T) over GObjg(C).

Example 11. The flexibly graded extension of wrM is er'\{'ex. The isomorphism
Quem : EM(Wri ) = EM(WrM) is defined in Example 7.

A basic result is that the rigidly graded restriction [[T]] is T itself, and
Rrrp « EM(]T]) — EM([[T]]) is an isomorphism; this is immediate from
Corollary 1. We show that, if [T] exists, then it is the free flexibly graded monad
on T (Lemma 3 below). Existence of [T] for all T would imply that extensions
would form an ordinary functor [—] : RGMndg(C) — FGMndg(C) that is
left adjoint to |—] : FGMndg(C) — RGMndg(C). Moreover, since ¢ in the
following lemma is an isomorphism, [—] would then make RGMndg(C) into a
coreflective subcategory of FGMndg(C).

Lemma 3. Let T be a rigidly E-graded monad on C that has a flexibly graded
extension [T|. There is a unique morphism ¢t : T — [[T]]| of rigidly graded
monads such that EM(¢1) - RiT) = Q7. The unique ¢t is an isomorphism, and
witnesses [T] as the free flexibly graded monad on T (with respect to |—] ).

Proof. By Corollary 1, the functor Rrry : EM([T]) — EM([[T]]) is an iso-
morphism, so Lemma 1 implies that there is a unique ¢v such that EM(¢7) =
QT - RF‘I}W and that ¢1 is an isomorphism. To show that [T] is free, suppose a
flexibly E-graded monad T’ on C and morphism ¢ : T — |T’| of rigidly graded
monads. We show that there is a unique morphism ¢ : [T] — T’ of flexibly
graded monads such that ¢ = WJ o ¢7. For every morphism 1) : [T] = T of
flexibly graded monads we have

v =) oor
& Yooy =[¢) ¢T is an isomorphism
& EM(¢7") - EM(¢) = EM([%]) Lemma 1
& EM(¢7')-EM(¥) - R = Ry - EM () Lemma 2
< Q?l -EM(¢) - Ry = EM(l/A)) Ry is an isomorphism

So the result follows from Lemma 1, using the last line to define .

Ezample 12. The rigidly NX-graded monad List on Set has a flexibly graded
extension [List], which can be constructed as follows. Recall from Example 4
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that S, is the poset of lists of natural numbers that sum to at most e € N. We
define a family of full subposets S, C S, inductively by three rules: (e) € SZ;
if 7iy,... 7, € S, for k > 0, then the concatenation 7i;7is - - - 7, is in S}, .; and
if k e S/ and e < ¢/, then k € S!,. For example, (2,1,1) € Sj but (3,1) € S}.
Then [List] is defined in exactly the same way as Listgex (Example 4), except
with " instead of S. In particular, [List]Xe = colimgzes: [[; Xn;. The unit,
Kleisli extension, and functoriality of [List] are well-defined because of the three
rules that define S’. The isomorphism Qyis: : EM([List]) — EM(List) sends a

7

[List]-algebra (A, (—)%) to the List-algebra (A, (f)i ), where f1 : ListX —e+ A
is defined for f : Jc X —e+ A by

e, o) = g, (inig, @1, - ingg, 25))

The inclusions S, C S, induce a morphism « : [List] — Listgex of flexibly
graded monads. This is not an isomorphism. For example, let N : N« — Set be
the graded object Nn = {0,...,n}, where N(n<n’) is the inclusion Nn C Nn'.
Then ing31)(3,1) € Listaex/N4 is not in the image of a4, so a4 is not a
bijection. In fact, there is no isomorphism [List] 2 Listgey at all. Existence of such
an isomorphism would imply GMon = EM (Listgeyx) = EM([List]) = EM(List)
over GObj(Set), and would therefore contradict the fact that no rigidly graded
monad has graded monoids as algebras, which we prove as the following theorem.

Theorem 4. There is no rigidly NZ-graded monad T on Set such that
GMon = EM(T) over GObjyx (Set).

Proof. By Theorem 2, to give an isomorphism GMon 2= EM(T) over
GOijé(Set) is equivalent to giving an isomorphism EM/(Listge,) & EM(T)

over bejNé (Set), so, by Corollary 1, it suffices to show that Ry,

EM (Listge,) — EM(|Listgex|) is not an isomorphism. We can calculate that
Quist - EM(a) = EM(v)) « Rijsty., Where « : [List] — Listgex is as above, and ¢
is the isomorphism List 2 |Listgex | from Example 9. Both Qisx and EM(¢)) are
isomorphisms, but EM(«) is not (by Lemma 1, since « is not an isomorphism).
It follows that Ryjs,,, is not an isomorphism either.

Remark 4. One may ask whether it would make any difference to weaken exis-
tence of an isomorphism GMon =~ EM(T) commuting strictly with the forgetful
functors, to existence of an equivalence commuting up to natural isomorphism
with the forgetful functors. It does not, because existence of the latter implies
existence of the former. We do not attempt to determine whether there exists
an equivalence GMon ~ EM(T) that does not commute with the forgetful
functors. Such an equivalence would not enable us to make the carrier of a given
T-algebra into a graded monoid, so is not useful for what we are trying to achieve.

Ezxample 13. The rigidly Zi—graded monad Count has a flexibly graded extension
[Count], defined by B

[Count] Xe = {t : [Ty I X (e — max{0,j — i}) |
Sp € NV, j € Nt p = (j,2) = Hp+ k) = (j + k, )}
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and with similar unit and Kleisli extension to Countgex.
We construct the 1som0rphlsm Qcount : EM([Count]) = EM(Count) Given a

fCounﬂ algebra (4, (- ) ), the corresponding Count-algebra (A4, (— ) ) is defined

by f it= f 71, where on the left we view ¢ as an element of CountXd, and on the
right we view ¢ as an element of [Count](JsetX)d. In the other direction, we

construct (—)* from (—)* . First note that the latter can be seen as an operator

h:Z — Ae
h¥" : CountZ = A(— +e)

Given f : X = A(— +e) and ¢t € [Count]Xd, let p bea witness to the side-
condition on ¢ in the definition of [Count]Xd, and set (j;,2;) = ti and m; =
max{0, j; —i}. (It does not matter which p is chosen.) Define g : [0..p] — A(d+e)
by

9i = (fam)b (N’ (max{0, + (j; — )}, 7))

o) gg” : Count[0..p]0 — A(d + €), and then define f{ft by

fit = g&" (M. (4, min{i, p}))

We show that graded arithmoids are not the algebras for any rigidly graded
monad, using a similar argument to the argument for graded monoids above.
There is a morphism S : [Count] — Countgey of flexibly graded monads, given
by

5}(’8()\2 (]1, xl)) = )\Z (j“ X(e— maX{07jZ—Z}§€—(]Z—Z))£L'Z)

This is not an isomorphism. To see this, define a graded set Z : Z< — Set by
Zn={m e Z|m<mn}. Then
(Ai.if 4 =0 then (0,0) else (i — 1,1)) € CountgexZ0

is not in the image of Bz. This implies the following theorem.

Theorem 5. There is no rigidly Zt-graded monad T on Set such that
GArith = EM(T) over GObj;+ (Set).

Proof. By similar reasoning to the proof of Theorem 4, existence of such an
isomorphism would imply that 5 : [Count] — Countgey is an isomorphism,
which would be a contradiction.

6.1 Constructing Extensions

We turn to the problem of constructing the flexibly E-graded monad [T] for
a given rigidly E-graded monad T on C. It turns out that [T] exists exactly
when certain (small) colimits exist in EM(T). We introduce the following class
of (small) colimits in locally graded categories, which we use to construct [T].
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Definition 20. Let D be a locally E-graded category, and let Y be an E-graded
object of D. The internalization of Y, if it exists, consists of an object colim®™ Y
and natural family (Mg : Y d—d-colim®™ Y)aer of morphisms in D, universal in the
sense that, for every e € |E|, Z € |D|, and natural family (fq: Yd—d - e+ Z)4cg,
there is a unique [f] : colim®™Y —e+ Z such that fq = [f] o \q for all d € |E|.

Here naturality of a family (fy: Yd-d- e+ Z)4eg means fg oY = (¢-e)* fy for
all ¢ € E(d,d"). The universal property of colim® Y can be succinctly written as

D(colim® Y, Z)e = D(Yd, Z)(d-e) naturally in Z, e
deR
where the naturality in Z is locally graded and the integral on the right is an

end in Set; the elements of the right-hand side are the natural families (fy :
Yd-d-e~> Z)dEIE~

Example 14. Every graded object X : E — C of an ordinary category C induces a
graded object Jo (X —) of GObjg(C). A natural family (fq : Jo(Xd)—d - e+2)4er
is a family of morphisms fq 4 : E(1,d')e Xd — Z(d'-d-e) natural in d, d’; by the
Yoneda lemma, these are in bijection with natural transformations X = Z(—-e),
i.e. morphisms X-e+Z in GObj(C). Hence the internalization colim®™(J¢ (X —))
is just X equipped with the family A corresponding to idyx : X -1+ X.

More generally, let F' : Freeg(C) — D be a functor. Then, for each X :
E — C, we have a graded object F(X—) : E — D. If colim™(F(X—)) exists for
all X, then they form a functor (X — colim®™(F(X—))) : GObj(C) — D. The
latter is exactly the (pointwise) left Kan extension of F' along J¢ (in the enriched
sense). We can therefore compute left Kan extensions along Jc as small colimits
(even though Freeg(C) might not be small). Example 14 above, where we take
F = Jc, shows that Lan j.J¢ is the identity functor; in other words, that Jc is
dense.

We can now construct [T] as follows. First construct the left Kan extension
of the free T-algebra functor Fr : Freeg(C) — EM(T) along Jg¢, to obtain the
left adjoint Fr : GObjz(C) — EM(T) of the forgetful functor Ur. Then the
composition Ut - Fr forms a flexibly graded monad; this is [T]. (Here we mean
left adjoint in the usual enriched sense, in other words, the Idgopj, (c)-relative
left adjoint.)

Theorem 6. A rigidly E-graded monad T has a flexibly graded extension [T if
and only if colim®™(Fr(X—)) exists in EM(T) for every X : E — EM(T). When
these exist, the functor

Fr: X v colim®(Fr(X—)) : GObjg(C) — EM(T)

forms the left adjoint of Ut, and [T| is the flexibly graded monad induced by
this adjunction.

Proof. The extension exists exactly when Ut : EM(T) — GODbjy(C) is strictly
monadic, and, by a general result about relative monads, this is the case exactly
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when Ut has a left adjoint. (If the left adjoint exists, the adjunction induces a
flexibly graded monad [T], and functors Qt : EM([T]) — EM(T) and Q7" :
EM(T) — EM([T]) can be constructed and shown to be inverses using the fact
that Eilenberg-Moore resolutions are terminal.) Consider the following:

EM(T)(Fr X, Ae
=[x EM(T)(Fr(Xd),A)(d - e) universal property of colim™

= [iex GObjg(C)(Je(Xd), UrA)(d - e) Fy left Jc-relative adjoint to Ut
>~  GObjg(C)(colimj(Jo(Xd)), UrA)e universal property of colim®

1%

GObji(C)(X,UrA)e Example 14

The first isomorphism exists when FrX does, the others always exist. Hence the
left adjoint must necessarily be Fr.

Remark 5. To justify our use of the word “colimit” for the internalization
colim®Y of Y : E — D, we note that, if we view D as an [E, Set]-category
(using Remark 1), then internalizations are a special case of weighted colimits
in D. To be more specific, let E™V be the monoidal category E but with the ar-
guments of the tensor swapped. By the universal property of free locally graded
categories, there are unique functors W : Freepgrev (E°P?) — GODbjg.. (Set)
and Y* : Freeg(E) — D such that W - Hgop = Homg : E°? — [E, Set] and
Y!. Hg =Y. (Recall that Hc : C — Freeg(C).) Then colim® Y is the colimit
of Y* weighted by W. This is a small colimit in D, so it exists whenever D is
cocomplete in the enriched sense. (Here the enriching category is not symmetric
in general; for a definition of weighted colimit that does not assume symmetry,
see [8].)

7 Related Work

Relative monads Relative monads were defined for ordinary categories by Al-
tenkirch et al. [1], and generalized to V-categories (for V symmetric monoidal)
by Staton [23]. Our definitions of relative monad, algebra, and Kleisli (locally
graded) category are generalizations of theirs. Our definition is not an instance
of Lobbia’s [14] generalization of relative monads to arbitrary 2-categories. Al-
tenkirch et al. [1] studied the problem of extending a J-relative monad to a
monad—as we do in Section 6. They defined a notion of well-behavedness for a
functor J, which provides a sufficient condition for the extension to exist; when
J is well-behaved, the extension [T] of T has as underlying functor [T'] the
left Kan extension of T" along J. We cannot use this result to construct flexibly
graded extensions, because J¢ is not well-behaved (in the appropriate locally
graded sense). Hence we give an alternative construction of [T] (involving the
Kan extension of Fr instead of T'). In our case, the underlying functor of [T] is
not Lan ;. T in general ([List] is a counterexample).
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Graded monads Graded monads were introduced independently by Smirnov [22],
by Mellies [16], and by Katsumata [9]. A formal theory for graded monads was
first developed using actegories by Fujii et al. [4] (based on Street’s [24] formal
theory of lax functors). Presentations of graded monads have been studied by
various authors [22,17,2,12], but these are all rigid, in that they present algebras
of rigidly graded monads (so are not general enough to capture graded monoids
or graded arithmoids).

Locally graded categories Locally graded categories were first introduced by
Wood [26], who proved that they are enriched categories. We use the terminology
of Levy [13]. They were also used in connection with grading by Mellies [16] and
by Gaboardi et al. [5]. The latter in particular define the Kleisli locally graded
category of a graded monad. The formulation of graded monads within locally
graded category theory, which enables our development, is new here.

8 Conclusions

Graded monads cannot capture certain structures, such as graded monoids, as
their algebras. This is the case even if their free algebras form instances of these
structures. We show however that even when these structures are not captured
exactly, we can often characterize the graded monad by a universal property,
from which we can extract the structure of the free algebras. The proof of this
involves the notion of flexibly graded monad. We introduce these primarily as a
graded-monad-like tool for capturing these structures, though they may be useful
in their own right as a generalization (modulo existence) of (rigidly) graded
monads. We work within locally graded category theory, which provides a rich
source of results for reasoning about grading.

As we state in the introduction, our primary motivation for this work is to
develop a notion of presentation for graded monads that captures, for example,
the operations of a graded monoid. This paper lays the groundwork for such a
development, which we present in the sequel paper [10].
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